Abstract-We analyze the outage performance of coherent partial decode-forward (pDF) relaying over Rayleigh fading channels in both half-and full-duplex transmissions. In coherent DF relaying, the relay either partially or fully decodes the source message, then coherently forwards the decoded message with the source to the destination. This coherent transmission creates a beamforming gain from the source and relay to the destination which improves the transmission rate. We analyze the impact of this beamforming gain on the outage performance, considering outage events at both the relay and the destination. We derive analytical expressions for the overall outage probability, assuming full CSI at receivers and only limited CSI at transmitters. We further show that at high SNR, coherent pDF relaying converges to full DF relaying and achieves the full diversity order of 2. These analyses provide a fundamental understanding of the reliability of coherent pDF relaying and form the basis for analyzing performance in larger network settings. Numerical results show that partial decoding at the relay outperforms full decoding for low SNR and high target rates in the half-duplex mode. Comparison with existing results further shows that source-relay coherent transmission and joint decoding at the destination both improve the outage performance.
I. INTRODUCTION

C
OOPERATIVE communication can be deployed as an efficient method to improve network performance in modern wireless networks including ad hoc and cellular systems [1] . Relaying is a technique that has received increasing attention as a basis for cooperative communication. A majority of works on the relay channel have focused on the transmission scheme and the achievable rate. Practical services, however, often require a specific rate to be sustained, which necessitates the understanding of outage performance. Existing outage performance results are mostly derived for non-coherent and full decodeforward (DF) relaying, even though coherent and partial DF (pDF) relaying can significantly improve the achievable rate and outage performance. Comprehensive formulation and anal- 
A. Background and Motivation
Even though basic relaying techniques were developed since [2] , [3] including decode, compress and amplify-forward techniques, interest in the application of relaying in wireless communications did not emerge until much more recently [4] - [8] .
In this paper, we will only focus on decode-forward based schemes.
Outage probability has been analyzed for several decodeforward based schemes in [6] - [27] . Most of these works, however, did not consider coherent transmission from the source and relay to the destination as originally developed in [2] , even though the beamforming gain resulting from this coherent transmission can significantly improve outage performance. While coherent transmission requires channel phase knowledge at the transmitter which increases the complexity of the system compared with non-coherent transmission, this phase knowledge can be obtained via the reciprocity between forward and reverse channels in time-division duplexed (TDD) systems, or via feedback from the destination in frequency-division duplexed (FDD) systems [28] . In this paper, we provide a comprehensive analysis of the outage performance of coherent pDF relaying and compare it with the outage performance of existing DF-based schemes in [6] - [27] .
Outage performance is directly related to the achievable rate performance and can depend on whether the relay decodes the source message fully or partially. Compared with full DF relaying, partial DF (pDF) relaying requires more advanced signal processing because of message splitting and superposition coding at the source and more complex decoding at the destination. However, pDF relaying has many advantages that make it appealing for practical implementation. Partial DF (pDF) not only can achieve a better transmission rate in various half-duplex settings [29] , but also can be applied in the case when some information needs privacy and is to be decoded only at the destination but not the relay. Moreover, pDF relaying can be more adaptable to the fading channel variation by only sending a sufficient part of the source information to relay such that the relay can decode this part successfully. This adaptability, however, also complicates the system as it requires enough channel state information (CSI) at the source. This paper alleviates this transmitter CSI requirement by using the CSI only to switch between direct transmission and relaying but not to adapt the rate splitting for each channel realization.
In the half-duplex mode, pDF relaying can achieve higher transmission rate than full DF relaying as shown in [29] and 0090-6778 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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also in our previous work [30] . In many practical systems such as LTE-A [1] or GSM [31] , practical constraints like fixed halfduplex phase durations can further increase the performance gap between partial and full DF relaying. In the full-duplex mode, pDF relaying achieves the same rate as the full DF relaying at the optimal resource allocation for the basic relay channel [3] but achieves a higher rate in larger networks including cooperative multiple access transmission [32] , two-way relay channel (TWRC) [33] and interference channel with source cooperation [34] . Thus, outage analysis for the pDF scheme is more general and provides a foundation for the outage performance in larger networks in both half and full-duplex modes. Such analyses also cover full DF relaying as a special case, and can contrast the outage performance of coherent pDF relaying with existing full and partial DF schemes in [6] - [24] , [26] to show the advantage of coherent pDF relaying. Deriving analytical expression for the outage probability is often challenging; it is even more so for the relay channel because of multiple fading links and multiple outage events at both the relay and the destination. We can infer, nevertheless, that having analytical expression for outage results of coherent partial DF relaying is highly valuable. Such a result will allow fast, accurate outage performance evaluation without laborious and time-consuming simulations. Further, it can bring analytical insights to the factors that affect performance, such as power allocation, rate splitting and phase durations. These insights and the analytical expression results can then serve as a basis for outage analysis and optimization when integrating a relaying scheme in larger networks.
B. Related Works
Most existing works on relay outage performance are for full DF relaying with non-coherent transmission. For the basic single relay channel, outage performance has been analyzed for a variety of half-duplex full DF schemes from dual-hop to selection relaying with variable phase durations and power allocation [6] - [10] . These works consider the optimal resource allocation for minimum outage probability [6] , [10] and analyze the diversity order [7] - [9] . Asymptotic outage analysis shows that half-duplex DF with fixed phase durations achieves the maximum diversity order of 2 if transmission switches between direct and relay modes depending on the outage at the relay [7] . Using variable phase durations improves the diversitymultiplexing tradeoff [9] . However, this technique requires the source to have full channel state information (CSI) of the link to the relay [7] ; further, it cannot achieve the max-flow min-cut bound [8] .
For the relay channel with m relays, outage performance has been analyzed for multi-hop relaying, and single and multirelay selection schemes [11] - [21] . These works consider the optimal relay selection for minimum outage probability [12] - [16] ; the outage performance over Rayleigh [14] , [20] and Nakagami-m fading channels [12] , [13] , [21] ; and effects of cochannel interference on the outage probability [17] - [19] . All of these works consider only full DF relaying but not partial DF relaying even though for fixed phase durations, partial DF relaying can outperform full DF relaying [29] , [30] .
The outage of partial DF relaying has received some attention in [22] - [27] where the cooperative and private information parts are encoded independently [24] or by using two-level [22] or multi-level [23] superposition coding. Both independent [24] and superposition [22] coding schemes achieve a full diversity order of 2, but the independent coding scheme achieves this full diversity only when the S − R or R − D link is nonfading and stronger than the other two links [24] . For the relay channel with multiple relays, using partial decoding at the relays improves the diversity-multiplexing tradeoff [26] . For pDF relaying, however, not only the coding structure between the cooperative and private parts matters, but also the coherency between S and R transmission and the decoding methods at R and D can significantly affect outage performance. For example, S and R in the superposition coding scheme of [22] perform non-coherent transmission while D performs sequential decoding for both information parts of S, which reduces the achievable rate and outage performance compared to coherent S − R transmission and joint decoding at D. In the independent scheme of [24] , R always decodes S information even when the S − R link is very weak, which leads to a diversity order of 1 in the general case when all links experience fading. In [25] , [27] , we consider the multiple-access transmission where both sources employ superposition coding and cooperate using coherent pDF relaying to send their information to D. We only provide outage formulation (together with transmission design and rate analysis) and numerical results without analytical outage derivation or diversity analysis. To date, there is no complete analytical derivation of the outage probability for the general coherent pDF scheme with superposition coding at S and joint decoding at D.
C. Main Results and Contributions
In this paper, we analyze the outage probability over Rayleigh fading channels for coherent pDF relaying in the basic relay channel with a single relay for both the half-and full-duplex modes. We consider the original full-duplex pDF scheme in [2] and the time-division half-duplex pDF scheme proposed in [4] and also in our previous works [5] , [30] . We extend our work in the conference version [35] by providing complete proofs for the outage theorems, extensive numerical results, full comparison with existing schemes and new analyses for the full-duplex transmission. The main differences between the considered pDF relaying schemes and other existing schemes lie in the coherent transmission between the source (S) and the relay (R), and the joint decoding of all information parts at the destination (D). For this reason, we will call the considered schemes as coherent pDF schemes, to distinguish with other existing schemes.
In coherent pDF relaying for either half-or full-duplex transmission, S splits its information into a cooperative and a private part where the cooperative part is decoded at R and D while the private part is decoded at D only. In the full-duplex mode, both S and R transmit all the time; whereas in the half-duplex mode, the transmission is divided into two phases, S transmits in both phases, and R listens in the first phase and transmits in the second. The cooperative part is transmitted coherently from both S and R. Our considered half-duplex scheme is different from the pDF scheme in [22] in that D employs joint instead of separate decoding for the two information parts. This scheme is also different from that in [24] as it uses superposition instead of independent coding for the two information parts.
We assume full CSI at all receivers, where each receiver knows both the phases and amplitudes of the links to it. Transmitters have only limited CSI where both R and S know the phase of its respective link to D; further, S knows the relative amplitude order between its links to R and D (but not necessarily the actual amplitudes) in addition to the longterm channel statistics. The phase knowledge at the transmitters allows S and R to perform coherent transmission and is a standard assumption in all coherent relaying literature [2] , [4] , [32] . The link order knowledge allows S to choose to perform either coherent transmission when the S − R link is stronger than the S − D link, or direct transmission in the opposite link order. The switching between coherent and direct transmissions allows the considered schemes to achieve a full diversity order of 2 even all links are fading. These transmitters CSI can be obtained either by channel reciprocity in time-division implementation, or by feedback from D [28] . Even though reciprocity may allow us to obtain the full channel knowledge, our analysis only requires phase knowledge at S and R, and the order of link amplitudes, but not the actual amplitude values, at S.
We provide analytical expressions for the outage probability of the coherent pDF relaying with fixed resource allocation and then obtain the optimal resource allocation numerically. The analytical expressions depend only on the channel statistics. We then use these expressions to study the impact of coherent transmission and pDF relaying on the outage probability, derive the diversity order and compare with existing schemes. These expressions also provide the basis for extending the analysis to include interference in larger network settings.
The outage analysis considers 2 transmission scenarios including pDF relaying when the relay link is stronger than the direct link and direct transmission in the opposite link order. The outage for pDF relaying takes into account the outage of the cooperative part at R and the outage of both cooperative and private parts at D. Because of the superposition structure and joint decoding at D, an outage for the cooperative part also leads to an outage for the private part. We further analyze the asymptotic outage behavior at high SNR and show that the considered coherent pDF schemes achieve a full diversity order of 2 in both half-and full-duplex modes. Comparison also shows that the coherent schemes outperform all existing schemes in outage performance. In half-duplex transmission, outages of the coherent partial and full DF schemes converge at high SNR which agrees with their rate convergence shown in [29] . However, at high target rates and low or moderate SNR, the outage performance of partial DF is better than full DF.
D. Paper Outline
The remainder of this paper is organized as follows. Section II presents half and full-duplex relay channel models. Section III describes the half-duplex coherent pDF scheme and shows its achievable rate. Section IV provides the outage probability analysis of the considered scheme and Section V shows its diversity order. Section VI compares the considered half-duplex DF scheme with existing schemes. Section VII considers the full-duplex coherent pDF scheme and its outage probability. Section VIII presents numerical results and Section IX concludes the paper. Fig. 1 illustrates the full-and half-duplex relay channel models where the source (S) wishes to communicate with the destination (D) with help from a relay (R) and each node has single transmit or receive antenna. While multiple-antennas or MIMO are used in many modern communication systems, single antenna implementation is still common especially in small equipments as in most of the current smartphones because of size limitation. The analyses of the single antenna systems also provide the basis for the analyses of multiple antenna systems. Next, we present the mathematical expressions for full-and half-duplex channel models. Fig. 1(a) illustrates the half-duplex relay channel where each node can only transmit or receive at each time. Using time division, each transmission block is divided into 2 phases and the discrete-time channel model is given as follows:
II. CHANNEL MODEL
A. Half-Duplex Channel
where Y r1 is the signal received by R during the 1st phase; Y dk , k ∈ {1, 2} is the signal received by D during the k th phase; and all the Z l , l ∈ {r1, d1, d2}, are i.i.d complex Gaussian noises (CN (0, 1)). X s1 and X s2 are the signals transmitted from S during the 1st and 2nd phases, respectively. X r2 is the signal transmitted from R in the 2nd phase. Each link is affected by Rayleigh fading and pathloss as follows:
whereh k is the small scale fading component and has a complex Gaussian distribution (CN (0, 1) ). The large scale fading component is captured by a pathloss model where d k is the distance between two nodes and γ k is the attenuation factor. Let g and θ k be the amplitude and the phase of a link coefficient,
has Rayleigh distribution while θ k has uniform distribution between [0, 2π].
B. Full-Duplex Channel
When the nodes work in the full-duplex mode, the relay can transmit and receive at the same time as shown in Fig. 1(b) and the discrete-time channel model can be expressed as follows:
where Y r and Y d are the signals received by R and D, respectively. Z r and Z d , are i.i.d complex Gaussian noises (CN (0, 1)). X s and X r are the signals transmitted from S and R, respectively. Note that there is no phase division in the fullduplex mode, but S and R transmit during the whole frame.
In both full-and half-duplex modes, we consider block fading where the links stay constant in each transmission block through the 2 phases and change independently in the next block. We assume the following CSI: as receivers, D knows h ds and h dr and R knows h rs ; as transmitters, S and R each knows the phase of its respective link to D, and S knows if the amplitude of its link to D is weaker or stronger than the link to R. These CSI can be obtained via channel reciprocity or feedback as discussed in [25] , [28] . The link order knowledge is important for S since decoding at R will constrain the achievable rate when the S − R link is weaker than S − D link. Hence, S only cooperates with R when the S − R link is stronger than the S − D link and performs direct transmission in the opposite link order. The phase knowledge allows coherent transmission between S and R to obtain the beamforming gain to D and is a standard assumption in coherent relaying literature [2] , [4] , [32] . As the outage probability for any scheme depends on the statistics of the channel links, S also needs to know the statistics of the links but not the exact instantaneous links.
We consider no interference in this model as we focus on the fundamental outage performance of pDF relaying. When deployed in a larger setting such as in an ad hoc or cellular network, the received signals at R and D will be perturbed by interference in addition to noise. While interference reduces the achievable rate and outage performance, we expect that coherent pDF relaying will keep outperforming the existing DF schemes in the presence of interference. The outage analyses in Sections IV and VII can be generalized to include interference in the noise terms by specifying new distributions of these terms that reflect both thermal noise and interference at R and D. This topic is outside the scope of the current paper. The analysis in this paper, however, should provide the basis and set up the stage for further analysis with interference in future works.
III. A COHERENT HALF-DUPLEX PARTIAL DF SCHEME
The considered coherent pDF relaying scheme is a special case of the half-duplex cooperative scheme for the multiple access channel where 2 sources cooperatively send their information to a destination in our previous works [5] , [25] , [30] . These works analyze the rate region [5] , [30] and only formulate the outage performance [25] . Here, we adapt this scheme to the relay channel with limited CSI at transmitters and analytically derive its outage performance. We briefly describe this coherent pDF scheme specifically for the relay channel to set up the stage for the outage analysis to follow. This halfduplex pDF scheme is the same as that in [4] (which is called a DF scheme in [4] but R decodes only part of information from S). Moreover, this scheme can be seen as an adaptation of the full-duplex scheme in [2] to the half-duplex mode using time division [30] .
Each transmission block is divided into 2 phases with normalized durations α 1 and α 2 = 1 − α 1 . In each block, S splits its information into a cooperative part (indexed by i) and a private part (indexed by j) and encodes them using superposition coding [5] . S sends the private part at rate R p and the cooperative part at rate R c , so that the total transmit rate is R = R p + R c . In phase 1, S sends i and R decodes it. Then, in phase 2, S sends both parts (i, j) and R forwards i. At the end of phase 2, D utilizes the received signals in both phases to decode both parts using joint maximum likelihood (ML) decoding [5] .
Using Gaussian signaling, S and R construct their transmit signals in each phase as follows:
Phase 2 :
where U 1 , V 2 and U 2 are i.i.d Gaussian signals (N (0, 1)), and X s2 is superposed on U 2 . We use Gaussian signaling as it maximizes the pDF achievable rates as shown in [36] . The codeword V 2 conveys the private message. Note that U 1 and U 2 convey the same information (cooperative message) but are independent codewords (different signals from separate constellations) sent in different phases. These independent codewords simplify the analysis of the decoding at D by allowing the joint distribution of the ML decoding rule to factor into products as shown later in (7). Here, ρ 11 and ρ 10 are the transmission powers allocated for signals U 1 and V 2 , respectively, ρ 12 and ρ 22 are the transmission powers allocated for signal U 2 by S and R, respectively. These power allocation parameters satisfy the following power constraints:
where P s and P r are the transmit powers of S and R, respectively. Using ML decoding, R utilizes the received signal Y r1 in (1) to decode the cooperative information part (i) as in the direct point-to-point transmission. It can been easily shown that R can reliably decodes i if
At the end of phase 2, D also employs ML decoding and utilizes both Y d1 and Y d2 in (1) to jointly decode both information parts.
More specifically, D decides that (î,ĵ) was sent if:
where (a) follows since X s1 is independent from X s2 and X r2 . Then, by analyzing this decoding rule, a decoding error can occur for the cooperative (i) or the private (j) part or both. However, because of superposition coding, if i is incorrectly decoded, j will also be decoded incorrectly. Hence, we consider 2 cases. The first case happens when i is decoded correctly, D then can decode j from Y d2 after removing U 2 (i). Consequently, Y d2 becomes similar to the received signal in the direct transmission. Hence, the rate constraint for j can be expressed as follows:
The second case happens when D decodes i incorrectly, then j will also be decoded incorrectly. Because of the joint decoding performed at D, this incorrect decoding will result in a constraint on the total rate of both information parts. Since the cooperative part (i) is sent in both phases, this rate constraint is obtained from Y d1 and Y d2 as follows:
= α 1 log 1 + g 2 ds ρ 11
where SNR k , k ∈ {1, 2} is the SNR of all the received signals (due to D joint decoding) in phase k.
A. Achievable Rate
Using the constraints obtained from the ML decoding at R and D, we obtain the following achievable rate:
Theorem 1: The achievable rate of the considered halfduplex coherent partial DF scheme for each channel realization is R = R p + R c , where the pair (R p , R c ) satisfies the following constraints:
for some 0 ≤ α 1 ≤ 1, α 2 = 1 − α 1 and power allocation parameters satisfying (5) . The expressions for C 1 , C 2 and C 3 are given in and (6), (8) and (9), respectively. Proof: Obtained by combining (6), (8) and (9) with R = R p + R c . For the detailed ML decoding error analysis, see Appendix A in [25] .
Remark 1: We have normalized the noise powers in C 1 , C 2 and C 3 as modeled in (1) . Other practical factors such as transmitter and receiver antenna gains are also absorbed into the channel gain in this model. When applying in a practical system with link adaptation that uses practical modulation and coding techniques, the achievable rates can be approximated by including a SNR gap in the rate equations [37] . Such an SNR gap factor can also account for available transmit power margin. Thus the subsequent outage analysis and results are still applicable with appropriate SNR gap factors.
Remark 2: When integrating this model in a larger network, the interference from other nodes in the network will also need to be considered. For example, in a heterogeneous LTE-A network, the interference on the S, R and D from the other nodes and base stations in the network will be random and depend mainly on the distances between these equipments and the cooperative users. The average achievable rate of coherent pDF relaying deployed in a network is studied in [38] , taking into account interference from other nodes based on stochastic geometry [39] . The outage analysis in this paper can be similarly used as a basis for future analyses of the outage performance of coherent pDF relaying when integrating into a larger network.
B. Coherent Partial DF Relaying
Since the power allocation parameters are design variables, we can coarsely adapt the scheme to the channel configuration to obtain two transmission cases as follows:
In this case, we set α 1 = 1, ρ 10 = ρ 12 = ρ 22 = 0 and let ρ 11 = P s . This case is identical to the classical point-to-point communication where R is not used and S sends its information directly to D at rate R ≤ log(1 + g
Partial DF relaying. In this case, R is used to perform pDF relaying with all power parts as in (5) . The rate constraints for this case are given in (10) .
To know which case to operate, S is required to know the relative order of the amplitudes of its links to D and R. The combination of these two transmission cases depending on the links configuration makes up the considered half-duplex coherent pDF scheme.
IV. HALF-DUPLEX PARTIAL DF OUTAGE ANALYSIS
The outage probability is an important criterion in wireless communication when a minimum target rate (R) is to be sustained in practical wireless services. For a particular fading realization, outage occurs if the rate supported by the channel is below the target rate.
Define P 1 and P 2 as outage probabilities in Case 1 and 2, respectively. For Case 1, the outage probability is obtained as in point-to-point communication but under the given condition that g rs ≤ g ds . For Case 2, given that g rs > g ds , then outage can occur at R for the cooperative information. If there is no outage at R, then outage can occur at D for the cooperative or private information or both parts. The average outage probability (P o ) is then obtained as follows:
Theorem 2: For a given target rate R with a fixed rate splitting R = R p + R c , the average outage probability (P o ) of the half-duplex coherent pDF scheme with specific power allocation is given as
with
• P 1 is the outage probability of direct transmission when Case 1 occurs, • P r , P s and P i are the outage probabilities in Case 2, -P r is the outage probability at R; -P s is the outage probability for the sum rate at D when there is no outage at R. It corresponds to the probability that both cooperative and private parts are in outage at D; -P i is the outage probability for the private part at D when there are no outage at R and no outage for the sum rate at D.
The analytical expressions for P 1 , P r , P s and P i are given in Lemmas 1, 2, 3 and 4, respectively.
Proof: See Lemmas 1-4. Remark 3: Theorem 2 specifies the outage for fixed resource allocation (rate splitting and power allocation). We then numerically select the optimal resource allocation that minimizes the outage probability. Note that here we aim to derive analytical expressions for the outage probability in (11), but do not focus on the optimization of resources to minimize the outage probability. Results of Theorem 2, however, provide the basis for such a resource optimization problem.
A. Outage Probability for Transmission Case 1
Lemma 1: The outage probability for Case 1 is given as
where μ k is the mean of g 2 k for k ∈ {ds, rs, dr}. Proof: See Appendix A. Note that the above outage probability is different from outage of a scheme that always performs direct transmission because of the correlation between the two events: (g rs ≤ g ds ) and (R > log(1 + g 2 ds P s )).
B. Outage Probability for Transmission Case 2
In this case, the outage can occur at R or D. We first analyze the outage probability at R(P r ) and D(P d ) separately, then combine them to obtain the overall outage probability for this case as follows: Lemma 2: The outage probability for Case 2 is given as
where
Proof: In Case 2, outage can occur at R. If there is no outage at R, then outage can occur at D.
In the following sections, we set α 1 = α 2 = 1/2 to simplify the analysis. Note that this assumption does not affect the diversity analysis shown later.
1) Outage at R: Similar to Case 1, the outage probability at R can be derived as
2) Outage at D: The outage at D is considered when there is no outage at R. This outage is tied directly with the decoding constraints (C 2 , C 3 ) at D in (10) which are repeated here for the ease of reference:
For specific channel realization and power allocation, the rate constraints in (15) can be plotted as in Fig. 2 . For a given rate splitting, there is no outage if the split rate pair is in region A but there will be outage if it falls in region B or F . We refer to the outages pertaining to regions B and F as the sum outage (P s ) and individual outage (P i ) respectively, since these regions are determined by the sum rate and individual rate constraints in (15) . From (15) , given that there is no outage at R, the sum outage probability (P s ) is obtained as
where the first probability factor in (16) exists since we find the outage at D only when there is no outage at R. Similarly, the individual outage probability (P i ) is given as
provided that there are no outage at R and no sum outage at D. Then, the overall outage probability at D is given as
The analytical evaluations for these outage expressions are given in the next two Lemmas.
Lemma 3:
The sum outage probability (P s ) at D is given as
where η 2 is given in (14) and
Proof: See Appendix B Lemma 4: The individual outage probability (P i ) at D is given as
where 
Proof: See Appendix C.
V. HALF-DUPLEX DF AND DIVERSITY ANALYSIS
The diversity order of a transmission scheme is obtained by analyzing the asymptotic outage behavior at high SNR. Intuitively, for the outage formula in (11), the diversity order for the outage probability of the cooperative information is 2 since for the information to be lost; it always requires 2 links to be weak [7] . When the S − R link is strong, the cooperative information will be lost if both links to D are weak, and when the S − R link is weak, the cooperative information will be lost if the S − D link is also weak. In contrary, the private information will be lost if only the direct link is weak which leads to a diversity order of 1. Therefore, at high SNR, partial DF relaying reduces to full DF relaying to retain a diversity order of 2. The asymptotic outage behavior at high SNR can be analyzed by applying the Taylor series expansion to the exponential function of the outage probability formula in Theorem 2. Then, it can be shown that all probabilities in (11) are proportional to SNR −2 , except the individual outage probability for the private part which is proportional to SNR −1 . Therefore, we optimally allocate zero power to the private part to deduce the asymptotic outage behavior and achieve a diversity order of 2.
When S has high power, it need not split its information since it can allocate enough power in the 1st phase to send all its information to R. The full DF scheme therefore is the limit of the partial DF scheme as SNR increases [29] , [30] . Hence, the diversity order of the partial DF scheme is the same as the DF scheme. The optimal transmission scheme reduces to the full DF at high SNR and we will derive in detail its outage probability next. The full DF scheme is obtained by removing the private information part from the partial DF scheme and has the achievable rate as follows:
Corollary 1: The achievable rate for the half-duplex coherent DF scheme is obtained from Theorem 1 by setting R p = 0, ρ 10 = 0 and R = R c .
A. Outage Analysis
The full DF scheme has a simpler outage expression because of the absence of the private part outage. We use this scheme to study the asymptotic outage behavior of the pDF scheme at high SNR. The outage for the full DF scheme is obtained in a similar way to the partial DF scheme but without P i as follows:
Corollary 2: The outage probability of the half-duplex coherent full DF scheme is given as
is the outage probability in Case 1 (direct transmission), P (DF ) r is the outage probability at R in Case 2 (full DF relaying), and P are similar to P 1 , P r and P s in (12), (14) and (19) , respectively, with the parameter settings in Corollary 1.
B. Asymptotic Outage Behavior and Diversity Order
Without loss of generality, assume that S and R transmit power are the same (P s = P r = P ) and define a nominal SNR as the received power at the destination in direct transmission (SNR = μ ds P ). Note that in this definition the SNR is always proportional to P . Next, we show that the dominant term in each outage probability is proportional to SNR −2 . Theorem 3: The asymptotic outage probability of halfduplex coherent pDF relaying at high SNR approaches the following values:
where a 11 = ρ 11 /P, a 12 = ρ 12 /P, 0.5(a 11 + a 12 ) = 1,
These expressions show that the diversity order is 2, the maximum diversity for the basic relay channel. Proof: The formulas in (24) are obtained using Taylor series expansion of the exponential function as shown in Appendix D.
Theorem 3 shows that the partial DF scheme achieves the maximum diversity order of 2 since it includes the full DF scheme as a special case. To achieve this diversity order, the considered scheme only requires S to know the relative amplitude order between its direct and cooperative links. This requirement is in contrast to the existing schemes that require S to have a full knowledge of the cooperative link as discussed in the following section.
VI. COMPARISON WITH EXISTING SCHEMES
In this section, we compare the outage performance of the half-duplex coherent partial DF scheme with the existing DF [6] , [7] and partial DF schemes [22] , [24] . For the ease of reference, we briefly describe these schemes below, highlight their differences with our scheme and discuss their achievable rates and outage performance. We also formulate the outage probabilities for the partial DF schemes in [22] and [24] as these results have not been derived for the general channel configuration. [6] : A dual hop DF scheme is proposed in [6] as a regenerative system. In this scheme, there is no direct link from S to D. S simply sends its information to R in phase 1 and R forwards it to D in phase 2. The achievable rate and outage probability of this scheme are then derived in [6] .
A. DF Schemes 1) Dual-Hop Schemes in
Corollary 3: The dual-hop DF scheme has a diversity order of 1 as R always decodes regardless of link strength and D receives from only one link.
2) DF Schemes in [7] : The work in [7] proposes 2 DF schemes, derives their achievable rates and formulates their outage probabilities.
In these schemes, there is no coherent transmission between S and R since CSI is only available at receivers.
DF Scheme: The first scheme is simply called a DF scheme in which S transmits only in phase 1, R always decodes regardless of the strength of the cooperative link and forwards in phase 2, and D utilizes the signals in both phases to decode the transmitted information.
Corollary 4: For the non-coherent DF scheme in [7] , R always decodes even when the cooperative link is weak. Hence, at high SNR the outage at R becomes dominant and leads to a diversity order of 1 [7] .
Selection Relaying Scheme: The second scheme is called selection relaying scheme in which either direct transmission in two phases or non-coherent DF relaying is used. The switching between the 2 transmissions depends on the outage at R since R only forwards the information when there is no outage at R.
Corollary 5: The selection relaying scheme achieves a full diversity order of 2 as the outage probability is not always constrained by the decoding at R. However, in this scheme, S is required to have full CSI about the cooperative link to determine the use of direct or cooperative transmission.
In our scheme, S has limited CSI and it sends to R if the cooperative link is stronger than the direct link, but S does not need to know the full CSI of its link to R. On the other hand, in our scheme, S and R have limited CSI about their direct links to D while they have no CSI on these links in the selection relaying scheme in [7] . Hence, depending on where CSI is available, a practical designer can choose between these two schemes. Numerical performance comparison is available in Section VIII.
B. Partial DF Schemes
This section considers the pDF schemes in [22] and [24] . The outage for the pDF scheme in [22] is formulated to calculate the expected distortion of the source while the outage formulation for the scheme in [24] assumes one of the direct links is nonfading and does not consider the general fading channel. Hence, in this section, we also formulate the outage probabilities for these pDF schemes.
1) Partial DF Scheme in [24] : The diversity orders for three pDF schemes are compared in [24] . Here, we consider only the first scheme as it is the most general one of these three. In this scheme, S splits its information into two parts as in our scheme. However, these parts are encoded independently instead of superposition coding. In phase 1, S transmits the cooperative part to R and D while in phase 2, S transmits the private part only and R forwards the cooperative part. Hence, the achievable rate for this scheme is given as follows [24] :
where A 1 results from the decoding at R and the rest (A 2 , A 3 , A 4 ) result from the decoding at D. R allocates ρ 2 = 2P r to the cooperative part and S allocates the power ρ 11 (ρ 10 ) for the cooperative (private) part such that 0.5ρ 11 + 0.5ρ 10 = P s .
In [24] , ρ 10 = ρ 11 but here we make them separate variables for fair comparison with our scheme. Moreover, it is shown in [24] that this scheme achieves a diversity order of 2 when assuming that either g rs or g dr is non-fading and is stronger than the other two links. Next, we formulate the outage probability for the pDF scheme in [24] for the general fading channel where all links are fading. This result has not been established in [24] .
Corollary 6:
The outage probability (P (4) o ) for the noncoherent pDF scheme in [24] is given as
where P
(1)
Although this pDF scheme achieves a diversity order of 2 under specific settings of some non-fading links as in [24] , it has a diversity order of 1 in general fading channel where all links are fading because of the decoding requirement at R.
Proof:
o is obtained using similar formulation for P o in (11) . The diversity order is 1 because R is always required to decode. At high SNR, the outage at R becomes dominant and P
In [24] , it is shown that the diversity order is 2 for two special cases. First, when the S − R (cooperative) link is non-fading and much stronger than the other two links such that there is no outage at R and the channel becomes similar to a MISO channel. Second, when the R − D link is non-fading and much stronger than the other two links such that A 3 and A 4 are redundant (R ≤ min{A 1 , A 2 }). At high SNR, P (1) o for this case is proportional to 1/P 2 s [24] .
2) Partial DF Scheme in [22] : The asymptotic outage behavior of a pDF scheme is studied in [22] . This pDF scheme is based on the selection relaying DF scheme in [7] . In this scheme, S splits its information into a cooperative and a private part, encodes them using superposition coding and sends both in phase 1. Three transmission cases can then occur depending on the outage at R which tries to decode both information parts or only the cooperative part or none at all. If R can decode the cooperative part or both parts, it forwards what it decodes in phase 2 and S stays silent in this phase. If R cannot decode any part, S repeats its information in phase 2. D uses sequential decoding and always decodes the cooperative part first, then decodes the private part.
The rate constraints resulting from the decoding at R are
where ρ 11 and ρ 10 are defined as in (26) . Then, the outage at R is given as
where P (2) r1 is the probability that both information parts are in outage, P (2) r2 is the probability that only the private part is in outage and P (2) r2 is the probability that there is no outage. Hence, if there is an outage for both information parts at R, the achievable rate at D satisfies R c ≤ 0.5 log 1 + g
If there is an outage for the private part only at R, then
where ρ 2 = 2P r as defined in (25) . If there is no outage at R, then
where R allocates the power ρ 22 for the cooperative part and ρ 20 for the private part. ρ 22 and ρ 20 satisfy a power constraint similar to (26) . In [22] , the outage probability is obtained separately for the cooperative and private information parts and it is shown that both information parts achieve a diversity order of 2. To find the average total outage probability; however, we jointly consider the outages for the private and cooperative parts since an outage on the cooperative part leads to an outage on the private part because of superposition coding. Similar to the selection relaying DF scheme in [7] , the outage probability is formulated as follows:
Corollary 7: The outage probability for the partial DF scheme in [22] is given as
where P (2) r1 , P (2) r2 and P (2) r3 are given in (29) . This scheme achieves a diversity order of 2 since it is similar to the selection relaying scheme [7] . The scheme requires S to have full CSI about its link to R to select the best transmission case.
VII. FULL-DUPLEX PARTIAL DF SCHEME
The partial DF scheme for the full-duplex relay channel is originally proposed in [2] . Both partial and full DF schemes achieve the same rate in Gaussian channels [3] . However, we analyze here the partial DF outage probability as it includes full DF as a special case and forms a basis for the outage analyses of other cooperative channels (cooperative MAC [32] and TWRC [33] ), in which partial DF relaying can outperform full DF relaying. Furthermore, full-duplex transmission can be used in future cellular networks as many recent works have considered full-duplex transmission in wireless communication [40] - [43] . The partial DF scheme is based on superposition block Markov encoding, partial relay decoding and backward destination decoding. Note that although sliding window destination decoding leads to the same achievable rate as backward decoding in AWGN channels with much shorter decoding delay, the two decoding schemes are not equivalent in fading channels. In backward decoding [36] , D uses its received signal in one block for each decoding step where the links are constant as we consider block fading. In sliding window decoding [2] , [3] , however, D uses its received signals in two consecutive blocks to decode where the links are different in each block which can lead to different outages. Here we consider backward decoding for the full-duplex mode.
S splits its information in each block into a cooperative and a private part. In block k, S sends the cooperative information i of the previous block (k − 1) in addition to the new cooperative and private parts (i, j). S encodes i , i and j using superposition coding. R decodes i and forwards i in each block. D uses its received signal in block k to decode i and j given that it knows i from the decoding in block k + 1. Using Gaussian signaling, S and R construct their transmit signals as follows:
where U 1 , V 2 and U 2 are i.i.d standard Gaussian signals (N (0, 1)). The power allocation parameters are defined as in (4) and satisfy the power constraints ρ 11 + ρ 10 + ρ 12 = P s .
A. Achievable Rate
The achievable rate region is obtained by applying the results in [36] with the signals in (34) as follows:
Corollary 8: The achievable rate of the full-duplex coherent partial DF scheme in [36] for each channel realization is R = R p + R c where the rate pair (R p , R c ) satisfies the following constraints:
for power allocation parameters satisfying ρ 11 + ρ 10 + ρ 12 = P s . In (35) , C 4 ensures the reliable decoding of i at R; C 5 ensures the reliable decoding of j at D given i has been decoded correctly; and C 6 ensures the reliable decoding of both i and j at D.
Similar to the half-duplex mode, we obtain 2 cases depending on the channel configuration. When g rs ≤ g ds , direct transmission is chosen (Case 1); when g rs > g ds , partial DF relaying is chosen (Case 2).
B. Outage Analysis
The outage probability in a specific decoding block can be derived following similar analysis to the half-duplex scheme, assuming no outage in the previous decoding blocks in the backward decoding process. Hence, the outage probability of a specific block for the full-duplex scheme can be derived as in the following theorem:
Theorem 4: The outage probability for the full-duplex coherent partial DF scheme is given as follows: (36) where P FD 1 is the same as P 1 in (12) while P FD 2 is given as
where P HD is similar to P 2 in (13) but with the following new variable definitions:
,
Proof: Follow a similar analysis as in the half-duplex scheme as shown in Appendix E.
The similarity between outage probabilities of the half and full-duplex schemes in (37) can be explained as follows. The achievable regions in (10) and (35) are quite similar except that in the full-duplex scheme, the constraint on the cooperative rate R c is affected by interference from the private signal part. This interference is not present in the half-duplex scheme, where S sends only the cooperative part in the 1st phase, but is present in the full-duplex scheme, where S sends both parts in each block. Therefore, in the full-duplex scheme, as more power is allocated to the private part, the interference at R increases which increases the outage probability at R. This phenomenon occurs at low SNR or when the S − R link is not much stronger than the S − D link. If the condition (ρ 12 ≤ ρ 10 (2 R c − 1)) is satisfied, there will be an outage at R with the probability given in (37) .
Corollary 9: The full-duplex partial DF scheme achieves the full diversity order of 2.
Proof: Similar to Theorem 3, by analyzing the asymptotic outage behavior for the DF scheme.
VIII. NUMERICAL RESULTS
We now provide numerical results for the outage probabilities of the considered coherent partial DF scheme to verify the derived analytical solutions. All these numerical results are for the half-duplex schemes (numerical results for the full-duplex scheme can be obtained from Theorem 4). In these simulations, all the links are Rayleigh fading channels with parameters specified in each simulation. Unless otherwise mentioned, the simulation settings in all figures including the transmit powers, pathloss attenuation factors and distances between nodes (in meters) are: P s = P r = P , γ = 2.4, d ds = 20, d dr = 15, and d rs = 7. The average channel gain for each link is given as Optimal ratio between cooperative rate Rc and total rate R to minimize half-duplex outage probability.
With these settings, we define the average received SNR in dB at D for the signal from S as follows:
In these simulations the optimal resource allocation parameters (power allocation and rate splitting) are varied numerically to obtain the best outage performance.
A. Outage Behavior and Optimal Information Splitting
Fig . 3 shows the outage probability versus SNR for the considered coherent DF schemes. In this figure, the simulations are obtained using 5 × 10 5 samples for each fading channel. This number of samples is sufficient for outage probabilities above 10 −3 and produces the same outage results over different runs of the simulation. Results show a perfect match between analytical and simulated results. At low target rates and high SNR, partial DF and full DF perform similarly. This is because at low target rates and high SNR, S can send all its information to R without outage. However, at high target rates or low SNR, partial DF relaying outperforms full DF relaying. 4 shows the optimal ratio between the cooperative and the total target rates R c /R versus SNR. Results show that as SNR increases, R c /R increases till it reaches 1. Hence, as the SNR increases, the power allocation parameters optimal for outage performance change such that the partial DF scheme becomes a full DF scheme. Moreover, as the target rate increases, the SNR threshold (SNR t ) at which the partial DF scheme becomes a full DF scheme increases. Fig. 5 shows SNR t versus R at which partial DF becomes full DF for different node distance configurations as specified in the legend. It is observed that SNR t is almost a linear function of R especially at high target rates, with a slope of 12 which is insensitive to node distances. This simple relation can be appealing to the practical designers since by knowing only the SNR, they can decide between partial or full DF for the best performance. Observe also in Fig. 5 that the configuration with the longest S − R(d 12 ) distance and hence the weakest cooperative link on the average requires the highest SNR t . In this configuration, the distance from S to R is longer than that to D, but because of channel fading, R is still used from time to time. For the other two configurations, there is a cross over in SNR t which happens because at low target rates, the relay R − D link (d 2 ) has stronger effect on outage performance than the cooperative S − R link (d 12 ), whereas the opposite holds at high target rates. Fig. 6 compares between the considered coherent partial DF scheme, the existing schemes in [6] (by analysis) [6] , [7] , [22] , [24] (by simulation with 2 × 10 6 channel samples) and the direct transmission. Compared with the direct transmission, results show the stark gain in outage performance and diversity of the considered coherent partial and full DF schemes. Note that at low SNR, direct transmission can outperform full DF relaying but is still worse than partial DF relaying. In such a range, R cannot decode the whole source information since S has too little power for the signal to be decoded correctly at R. On the contrary, in the partial DF scheme, S can split its Fig. 6 . Comparison between coherent DF, direct transmission and existing schemes in [6] , [7] , [22] , [24] with R = 5 bps/Hz. information such that just enough information is sent to R to be decoded even at low power.
B. Comparison With Existing Schemes
The results for the existing schemes in [6] , [7] , [22] , [24] confirm that schemes which always require decoding at R achieve a diversity order of 1 since the outage at R becomes dominant at high SNR. The partial DF scheme in [24] outperforms the selection relaying scheme in [7] at low SNR because of rate splitting but is worse at high SNR since the outage at R starts dominating for the partial DF scheme. Although rate splitting and superposition coding are used in the partial DF scheme in [22] , this scheme has the same outage performance of the selection relaying scheme [7] because it employs sequential decoding instead of joint decoding for the private and cooperative parts.
The selection relaying scheme in [7] and partial DF scheme in [22] both achieve a diversity order of 2. However, these two schemes require about 4 dB or more power to achieve the same outage probability as the considered coherent relaying scheme. A reason is the absence of coherent transmission from S and R in these two schemes. Another factor contributing to the difference in performance is that the scheme in [22] performs sequential decoding of the cooperative and private information parts, whereas the considered schemes perform joint decoding of both parts at D.
IX. CONCLUSION
We have analytically derived the outage probabilities for coherent partial DF relaying in both half-and full-duplex Rayleigh fading channels. Assuming full CSI at the receivers and limited CSI at the transmitters, we take into account outages at both the relay and destination and consider outages of the cooperative and private information parts separately. We show that coherent partial DF relaying achieves the maximum diversity order of 2 in both full-and half-duplex transmissions. Analysis and numerical results show that the considered coherent partial DF relaying strategies outperform all existing decode-forward based schemes because of coherent source-relay transmission and joint decoding at the destination. Furthermore, partial DF relaying can significantly improve the outage performance over full DF relaying at low SNR and high target rates.
APPENDIX A PROOF OF LEMMA 1
Let β 1 = g ds , β 2 = g 2 and β 3 = g rs . The Rayleigh distribution for any β i , for i ∈ {1, 2, 3} is given as follows:
Then, we can obtain the outage probability (P 1 ) for case 1 in (11) as follows:
μ rs dβ 3 dβ 1 ,
After integrating (40), we obtain (12) in Lemma 1.
APPENDIX B PROOF OF LEMMA 3
Starting with the expression in (18), we have
μ rs .
After the integration, (41c) can be expressed as in (19) . The lower bound on β 3 is obtained from the second constraint in (41a) as follows: The first upper bound on β 1 is obtained directly from β 1 < β 3 . The second upper bound on β 1 and the upper bound on β 2 are obtained from the first constraint in (41a) as follows:
The first derivative of f (β 2 ) is positive (
for all values of (β 1 , β 2 ) since β 1 > 0 and
is an increasing function of β 2 for β 1 > 0. Then, (42) can be satisfied only when f (0) < 0 as shown in Fig. 7 . This condition makes f (β 2 ) negative for the interval 0 ≤ β 2 ≤ ζ (see Fig. 7 ), where ζ is the positive root of f (β 2 ). However, the condition f (0) < 0 puts another bound on β 1 and leads to β 1 < η since The positive root for this quadratic equation leads to β 1 < η. Now, formula (41a) is divided into two cases:
• Case 1 is obtained when η > η 2 . In this case, for η 2 ≤ β 3 < η, the minimum between β 3 and η is β 3 (min{β 3 , η} = β 3 ). However, for β 3 > η, (min{β 3 , η} = η). • Case 2 is obtained when η ≤ η 2 . In this case, η is always the minimum between β 3 and η. From these two cases, we obtain formula (19) in Lemma 3.
APPENDIX C PROOF OF LEMMA 4
Following a similar analysis to (19), we have where (44) can be expressed as in (21) 
In (44), we follow the same analysis in (19) to obtain (45). However, in addition to β 1 < β 3 , β 1 in (44) has another upper bound obtained from the first constraint in (44) as follows:
R p > 0.5 log 1 + β 2 1 ρ 10 , ⇔ β 1 < η 1
Hence, β 1 ≤ min{η 1 , β 3 }. Moreover, the second constraint (R ≤ C 3 ) in (44) is the opposite to the first constraint (R > C 3 ) in (41a) which means that in (42), we should have f (β 2 ) > 0. Hence, with help from Fig. 7 , we find that β 2 is between • ζ and ∞(ζ < β 2 ≤ ∞) when f (0) < 0 or β 1 < η.
• 0 and ∞(0 < β 2 ≤ ∞) when f (0) > 0 or β 1 > η. This will lead to the 6 cases in (45) depending on the power allocation that determines the relative order between η, η 1 and η 2 . Since all these cases are similarly analyzed, we only explain the limits for the first case (P (1) i ) when η 2 < η ≤ η 1 . Since β 3 > η 2 , this case can be split into 3 subcases as shown in Fig. 8 :
• Subcase 1: η 2 < β 3 ≤ η. In this case, β 3 < η 1 . Hence, 0 < β 1 ≤ β 3 as β 1 ≤ min{η 1 , β 3 }. Moreover, since β 1 ≤ β 3 and β 3 ≤ η, the range of β 2 is then always bigger than ζ(β 2 > ζ) to have f (β 2 ) > 0 in (42) . Therefore, the probability for this subcase is given as the 1st term of P
i .
• Subcase 2: η < β 3 ≤ η 1 . In this case, we still have β 3 < η 1 . Hence, 0 < β 1 ≤ β 3 . However, β 3 > η which leads to two integration intervals for β 1 and β 2 .
-when 0 < β 1 ≤ η, the range of β 2 is then always bigger than ζ(β 2 > ζ) to have f (β 2 ) > 0 in (42) . Therefore, the probability for this case is given as the 2nd term of P
i . -when η < β 1 ≤ β 3 , the range of β 2 is then from 0 to ∞ since f (β 2 ) is positive (f (β 2 ) > 0) for any value of β 2 > 0. Therefore, the probability for this case is given as the 3 rd term of P
• Subcase 3: β 3 > η 1 . In this case, β 3 > η 1 . Hence, β 1 ≤ η 1 as β 1 ≤ min{η 1 , β 3 }. Moreover, η 1 > η which leads to two integration intervals for β 1 and β 2 .
-when 0 < β 1 ≤ η, the range of β 2 is then always bigger than ζ(β 2 > ζ) to have f (β 2 ) > 0 in (42) . Therefore, the probability for this case is given as the 4 th term of P
i . -when η < β 1 ≤ η 1 , the range of β 2 is then from 0 to ∞ since f (β 2 ) is positive (f (β 2 ) > 0) for any value of β 2 > 0. Therefore, the probability for this case is given as the 5th term of P
By summing the probabilities of these subcases, we obtain the probability P 
This expression becomes the limit at high SNR.
2) Asymptotic Outage Probability for Case 2:
We separately consider the outages at R and D.
At R: Following similar analysis in (46), we obtain P (DF ) m as in (24 
